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O: Abstract. In this paper we introduce the fourth fundamental form for 

Q ' the hypersurfaces in H n+1 and the space-like hypersurfaces in S? +1 and 

43 discuss the conformality of the normal Gauss maps of the hypersurfaces 

in H n+1 and S? +1 . Particularly, we discuss the surfaces with conformal 
normal Gauss maps in H 3 and Sf and prove a duality property. We give 
the Weierstrass representation formula for the space-like surfaces in Sf 
CN ' with conformal normal Gauss maps. We also state the similar results 

■ for the time-like surfaces in Sf. 

1 Introduction 

It is well known that the classical Gauss map has played an important role in 
the study of the surface theory in i? 3 and has been generalized to the subman- 
ifold of arbitrary dimension and codimension immersed into the space forms 
with constant sectional curvature( see [15]in detail). 

Particularly, for the n-dimensional submanifold x : M — > V in space V 
with constant sectional curvature, Obata[13] introduced the generalized Gauss 
map which assigns to each point p of M the totally geodesic n-subspace of 
V tangent to x(M) at x(p). He denned the third fundamental form of the 
submanifold in constant curvature space as the pullback of the metric of the set 
of all the totally geodesic n-subspaces in V under the generalized Gauss map. 
He derived a relationship among the Ricci form of the immersed submanifold 
and the first, the second and the third fundamental forms of the immersion. 
Meanwhile, Lawson[10] discussed the generalized Gauss map of the immersed 
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surfaces in S* 3 and prove a duality property between the minimal surfaces in 
S* 3 and their generalized Gauss map image. 

Epstein [4] and Bryant [3] defined the hyperbolic Gauss map for the surfaces 
in H 3 and Bryant [3] obtained a Weierstrass representation formula for the 
constant mean curvature one surfaces with conformal hyperbolic Gauss map. 
Using the Weierstrass representation formula, Bryant also studied the proper- 
ties of constant mean curvature one surfaces. Using the hyperbolic Gauss map, 
Galvez and Martinez and Milan [6] studied the flat surfaces in H 3 with confor- 
mal hyperbolic Gauss map with respect to the second conformal structure on 
surfaces (see [7] for the definition) and obtained a Weierstrass representation 
formula for such as surfaces. 

Kokubu[8] considered the n-dimensional hyperbolic space H n as a Lie group 
G with a left-invariant metric and defined the normal Gauss maps of the sur- 
faces which assigns to each point of the surface the tangent plane translated 
to the Lie algebra of G. He also gave a Weierstrass representation formula for 
minimal surfaces in H n . On the other hand, Galvez and Martinez [5] studied 
the properties of the Gauss map of a surface S immersed into the Euclidean 
3-space R 3 by using the second conformal structure on surface and obtained 
the Weierstrass representation formula for the surfaces with prescribed Gauss 
map. Motivated by their work, the author[16] gave a Weierstrass representa- 
tion formula for the surfaces with prescribed normal Gauss map and Gauss 
curvature in H 3 by using the second conformal structure on surfaces. From 
this, the surfaces whose normal Gauss maps are conformal have been found and 
the translational surfaces with conformal normal Gauss maps locally are given. 
In [17], the author classified locally the ruled surfaces with conformal normal 
Gauss maps within the Euclidean ruled surfaces and studied some global prop- 
erties of the ruled surfaces and translational surfaces with conformal normal 
Gauss maps. 

Aiyama and Akutagawa [1] defined the normal Gauss map for the space-like 
surfaces in the de Sitter 3-space Sf and gave the Weierstrass representation 
formula for the space-like surfaces in Sf with prescribed mean curvature and 
normal Gauss map. 

The purpose of this paper is to study the conformality of the normal Gauss 
maps for the hypersurfaces in H n+1 and the space-like hypersurfaces in S™ +1 
and to prove a duality property between the surfaces in H 3 and the space-like 
surfaces in Sf with conformal normal Gauss maps. The rest of this paper 
is organized as follows. In the second section, we describe the generalized 
definition of the normal Gauss map for the hypersurfaces in H n+1 and the 
space-like hypersurfaces in S™ +1 (cf.[l][8]). The third section introduces the 
fourth fundamental form for the hypersurfaces in H n+1 and S™ +1 and obtains 
a relation among the first, the second, the third and the fourth fundamental 
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forms of the hypersurfaces. As a application, we discuss the conformality 
of the normal Gauss map for the hypersurfaces in H n+1 and the space-like 
hypersurfaces in S , " +1 . By means of the generalized Gauss map of the surfaces 
in H 3 and Sf, the fourth one proves a duality property between the surfaces 
in H 3 and the space-like surfaces in Sf with conformal normal Gauss maps. 
The fifth one gives the Weierstrass representation formula for the space-like 
surfaces in Sf with conformal normal Gauss map and the sixth one derives the 
PDE for the space-like graphs in Sf with conformal normal Gauss map and 
classifies locally the translational surfaces and the Euclidean ruled surfaces in 
Sf with conformal normal Gauss map. In the last section, we state the similar 
results for time-like surfaces in Sf with conformal normal Gauss map. 

Acknowledgement The author would like to express his sincere gratitude 
to Prof. Detang Zhou for his enthusiastic encouragement, support and valuable 
help as well as for his significant suggestions and heuristic discussions with the 
author and for his providing the author with Omori and Yau's paper [14] [18]. 



2 Preliminaries 

Take the upper half-space models of the hyperbolic space H n+1 (— 1) and the 
de Sitter space 

R n + +1 = {( Xl ,x 2 , ■ ■ ■ ,x n+1 ) e R n+1 \x n+1 > 0} 

with respectively the Riemannian metric ds 2 = -^—(dx\ + dx\ + • • • + dx 2 n+l ) 

and the Lorentz metric ds 2 = -^—(dx\ + dx\ + • • • + dx 2 n — dx 2 n+1 ) (cf.[l]). 

Let M be a n-dimensional Riemannian manifold and x : M n — > H n+l [resp. 
x : M n — > Si +1 ) be an immersed hypersurface (resp. space-like hypersurface) 
with the local coordinates Ui,U2, ■ ■ ■ ,u n . In this paper, we agree with the fol- 
lowing ranges of indices: 1 < i, j, k, ■ ■ ■ < n and 1 < A, B, C, ■ ■ ■ < n + 1. The 
first and the second fundamental forms are given, respectively, by I = gijduiduj 
and II = hijduiduj. The unit normal vector (resp. time-like unit normal vec- 
tor) of x(M) is N = Xn+iT]!-^ + x n+1 r] 2 -£- + 1_ Xn+1?7n+1 _^_ ) where 

Vl + Vl + --- + Vl+i = l(resp. vt + V2 + --- + vl~ vl+i = -!)■ 
We have the Weingarten formula 

dr] A 1 ( dx A 7 dx A \ 
du k x n+ i \ du k duj J 

( d VA If dx A , dx A \\ 

resp.-— = Vn+ij^— + g J h kl —— 

\ du k x n+ i \ du k duj J J 
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Identitying H n+1 and S[ l+1 with the Lie group (cf.[8]) 



G 
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logx n+ i \ 
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(x 1 ,x 2 ,-- ■ ,x n +i) e R 



n+l 



/ 



the multiplication is defined as the matrix multiplication and the identity is e = 
(0, 0, • • • , 0, 1). The Riemannian metric of H n+l and the Lorentz metric of S™ +1 
are left-invariant and X x = x n+1 ^,X 2 = x n+1 -^,--- , X n+1 = x n+1 g£^ 



are the left-invariant unit orthonormal vector fields. Now, the unit normal 
vector (resp. time-like unit normal vector) field of x(M) can be written as 
iV = rjiXi + 112X2 + ■ — \-r) n+ iX n+1 . Left translating TV to T e (R™ +1 ), we obtain 



iV : M -> S n (l) C T e (R n + +1 )(resp.N : M -> H n (-1) C T e (R n + +1 )), 
A - I , , ( A') = //,- -|m - //, — (< ) - ;/,,,, '—(e). 



L ^ {N) = + ^2^ + " ' + Vn+l ^ 



Call N the normal Gauss map of the immersed hypersurface x : M — > H n+l (resp. 
space-like hypersurface x : M — > S , " +1 )(cf. [1][8]). 



3 The fourth fundamental form 

Definition. Let M be a n-dimensional Riemannian manifold. Call IV = 
(dN, dN) the fourth fundamental form of the immersed hypersurface x : M — > 
H n+1 (resp. space-like hypersurface x : M — > where tie scalar product 

(•, •) is induced by the Euclidean metric of R n+l (resp. the Lorentz- Minkowski 
metric of L n+1 ). 

THEOREM 3.1. Let M be a n-dimensional Riemannian manifold with 
Ricci form Ric. Let x : M — > H n+1 (resp. x : M — > be an immersed 

hypersurface (resp. space-like hypersurface) with mean curvature H = -tr(II). 
Then 

IV = V 2 n+1 I - 2ri n+1 II + III (3.1) 

(resp.IV= rj 2 n+1 I+ 2 Vn+1 II + III) , (3.2) 

where III = nHII— (n — 1)1— Ric (resp. Ill = nHII— (n — 1)1+ Ric) is Obata's 
third fundamental form of x(M) (see [13]). 
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Proof. At first we prove the Theorem for H n+1 . Choose the normal coor- 
dinates ui, u 2 , ■ ■ ■ ,u n near p e M. By the Weingarten formula, we get 

IV = (dN,dN) = d ^ Ad ^ A d Ul d Ul 

OUi OUj 

1 / dx A dx A \ ( dx A dx A \ 

= (^n+i^i - ^Vn+ihij + h ik h jk )duiduj. (3.3) 

III = hn,hjkduiduj is the third fundamental form [13] and by the Gauss equa- 
tion, III = nHll — (n — 1)1 — Ric. (3.1) is proved. 
Next, similar to the above proof, for S^ +1 , we have 

IV = (Vn+ihj + ^Vn+ihij + h ik h jk )duiduj. (3.4) 
Similar to the proof of (3.1), we can prove (3.2). 

Next, we consider the applications of these formulas (3.1) — (3.4). In the 
following of this paper, that the normal Gauss map is conformal means that 
the fourth fundamental form is proportional to the second fundamental form, 
i.e. IV = pll for some smooth function p on M. 

THEOREM 3.2. Let M be a n- dimensional Riemannian manifold and 
x : M — > H n+1 (resp. x : M — > Si +1 ) he an immersed hypersurface (resp. 
space-like hypersurface) without umbilics. Then the normal Gauss map of 
x(M) is conformal if and only if at each point of M, there exists exactly 
two distinct principal curvatures and the sectional curvature R(X A Y) = 
— 1 + r]^ +1 (resp.R(X A Y) = 1 — where the vectors X and Y belong to 

different principal direction spaces. 

Proof. The case of H n+1 . For any point p G M , let {ei, e 2 , • • • , e n } be a 
local frame field so that (hij) is diagonalized at this point, i.e. hij(p) = \8ij. 
By IV = pll and (3.3), we get, for i = 1, 2, • • • ,n, that 

vl+i - 2?7„ + iAi + X] = p\i, (3.5) 

i.e. 

X] -{p + 2 Vn+1 )X i + V 2 n+1 = 0. (3.6) 

Because x(M) has no umbilics, the equation (3.6) with respect to Aj has exactly 
two distinct solutions A and p and Xp = rj^ +1 . By the Gauss equation, one 
may prove R(X A Y) = — 1 + Xp = — 1 + Vn+v 
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Conversely, choose the local tangent frame {ei,e2, ••• , e n } and the dual 
frame {u>i, uj 2 , • • • , w n } near p, such that fry = 0, i ^ j and h n = h 22 = ■ ■ ■ = 
h rr = A ^ p = h r+lr+1 = ■■■ = h nn . Then n 2 l+1 = Xp. By (3.3), 



IV = (^ +1 _2r ?n+1 A + A 2 )( Wl 2 + --- + ^ r 2 ) 

Hvl+i ~ ^Vn+iP + P 2 )(u 2 r+1 + • • • + u 2 n ) 

= (fi-2r ]n+1 + \)\(u 2 1 + --- + u 2 r ) 
+ (A - 2r] n+1 + h)h{uj 2 +1 + ■ ■ ■ + ul) 

= (A - 2r] n+1 + fi)ll. 



The sufficiency has been proved for H n+1 . Similarly, we can prove Theorem 



Remark. By (3.5), we know that the normal Gauss maps of all totally 
umbilics hypersurfaces except the totally geodesic hyperspheres in H n+1 are 
conformal. Similarly, for the space-like hypersurfaces in S'" +1 , since r] n+ i ^ 0, 
the normal Gauss maps of all totally umbilic space-like hypersurfaces except 
totally geodesic space-like hypersurfaces are conformal. 

For H 3 and Sf, by Theorem 3.2, we immediately get 

THEOREM 3.3. Let M be a 2- dimensional Riemannian manifold and x : 
M — > H 3 (resp. x : M — > Sf) be an immersed surface (resp. space-like surface) 
without umbilics. Then the normal Gauss map of x(M) is conformal if and 
only if the Gauss curvature K = — 1 + n 2 (resp.K = 1 — r/fj. 

Remark. In [16] [17], we assume that the second fundamental form is posi- 
tive definite and induces the conformal structure on the surfaces in H 3 . Here, 
the assumption with respect to the positive definite second fundamental form 
is dropped. 

THEOREM 3.4. Let M be a n-dimensional Einstein manifold and x : M 
H n+1 (resp. x : M — > S™ +1 ) be an immersed hypersurface (resp. space-like 
hypersurface) with the non-degenerate second fundamental form and without 
umbilics. If the normal Gauss map of x(M) is conformal map,i.e. IV = pll, 
then n = 2 and p = 2(H — r) 3 ) (resp.p = 2(H + r^ 3 ) ). 

Proof. We only prove the Theorem for H n+1 . M is an Einstein manifold, 
so Ric = f /, where S is the scalar curvature of M. (3.1) becomes 



3.2 for S' 



m+l 




Because x(M) has no umbilics, we have 

nH = 2rj n+l + p. 
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By Theorem 3.2 and its proof, we assume that Ai = -- - = A r = A^^ = 
A r+1 = • • • A n , then 

rX + (n - r)p = 2r] n+1 + p. 

By (3.6), 

A + n = 2r/ n+1 + p. 

So (r — 1) A + (n — r — \)p = 0. By Theorem 3.2, A and p have same signature. 
So r = 1 and n — 2. Hence p = 2H — 2r/ 3 . 

4 A duality for the surfaces in H 3 and Sf with 
conformal normal Gauss maps 

Let L 4 be the Minkowski 4-space with the canonical coordinates X , Xi, X 2 , X 3 
and the Lorentz-Minkowski scalar product — Xg+Xi+Xf+Xf . The Minkowski 
model of H 3 is given by 

H 3 = {(X , X u X 2 , X 3 )| - X 2 + Xl + X 2 + X\ = -1, X > 0} 

and is identified with the upper half-space model R+ of H 3 by 

< s _ ( X i X * 1 

{X!,X 2 ,X 3 ) - — -,- — , — ~ 

\ A 0~ A 3 A — A 3 A 0~ A 3, 

Accordingly, the space-like normal vector of the surface in the Minkowski model 
of H 3 is N = N £- + + N 2 ^ + X 3 ^, where 

AT X 1 X 2 1 — X (X — X 3 ) 

^ = V Y~ Vl+ Y Y~^ 2 + Y Y 

A ~~ A 3 A ~~ A 3 A ~~ A 3 

iVi = 7/1 - XiTfe, N 2 = r) 2 - X 2 r/ 3 , 

Xi X 2 1 — X 3 (X — X 3 ) 

^ = V + T y - ^ 2 + r; Tfe. 

We get 

^0-^3 (A u 

V3 = y TT- (4.1) 

^-3 — ^-0 

The Minkowski model of the de Sitter 3-space is defined as 

S 3 = {(X , Xi, X 2 , X 3 )| - Xl + X 2 + Xf + X 3 2 = 1} ~ S 2 x i? 
and can be divided into three components as follows(cf. [1]), 
S_ = {X e S 3 \X - X 3 < 0} ~ R 3 , 
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So = {X G S 3 |X - X 3 = 0} ~ S 1 x R, 

S + = {X G ,S 3 |X - X 3 > 0} ~ # 3 . 

Identify S_ and 5"+ with the upper half-space model of the de Sitter 3-space 
by (cf. [1]) 

X 1 X 2 1 



(x 1: x 2 ,x 3 ) 



\Xn — X 3 \ |Xn — Xq| |Xn — Xq 



For the space-like surface X : M -> S' 3 , let C/_ = X-^Sl) and [/+ = A'- 1 (5 + ), 
then [/_ U U + is the open dense subset of M. On [/_ U U+, the time-like unit 
normal vector is X = X ^ + Xi^ + X 2 ^ + X 3 ^, where 

, r X\ X 2 1 + X (X — X 3 ) 

N ° = Y Y~ Vl+ Y Y~ V2 Y V % ' 

Ni = 7/i - Xi?7 3 , N 2 = T]2- X 2 1] 3 , 

AT Xi X 2 1 + X 3 (X — X 3 ) 
^ = v y^+v y - ^ 2 v y 

^-0 ~~ ^-0 ~~ ^-3 ^-0 — ^-3 

We get 

^3 = y 7^- (4.2) 

Remark. In [1], the normal Gauss map of the space-like surface X : M — > 
iSf is defined globally on M. Because of the density of IL and £7 + in M, in this 
paper, we may consider that the normal Gauss map of the space-like surface 
X : M -> Sf is defined on t/_ and £/+. 

Let X : M — > H 3 (resp. X : M — * Sf) be an immersed surface(resp. space- 
like surface). Parallel translating the space-like (resp. time-like) unit normal 
vector N to the origin of L 4 , one gets the map N : M -> Sf (resp.N : M -> 
X 3 ) which is usually called generalized Gauss map of X : M — > H 3 (resp. 
X : M —> Sf). The generalized Gauss map image can be considered as the 
surface in Sf{resp.H 3 ). 

THEOREM 4.1(cf[9]. Prop 3.5). (1) Let X : M ^ H 3 be a 2-dimensional 
immersed surface. Then its generalized Gauss map N : M — > Sf is a branched 
space-like immersion into Sf with branch points where K = — 1. And, wnen 
X ^ — 1, tie curvature of N : M — > S 3 is X* = -^-j- and the volume element 
is dV N = \K +l\dV x . 

(2) Let X : M — > Sf be a 2-dimensional space-like immersed surface. Then 
its generalized Gauss map N : M — > X 3 is a branched immersion into H 3 with 
branch points where K — 1. And, when X 7^ 1, the curvature of N : M H 3 
is K* = yX-r and the volume element is dVjy — |1 — X|dVx- 
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Proof. In the context of this paper, we prove (2). For any p E M, 
let{eo, ei, e^, 63} be the orthonormal frame near p, such that Cq = X, = N. 
Let {loq, loi, u>2, LO3} be the dual frame. The connection 1-forms is tuf, a, j3 — 
0, 1,2,3. The coefficients of the second fundamental form of X : M — > Sf is 
given by uf = hijUj, = hji,i,j = 1,2. The induced metric of N : M — > if 3 
is cZs^ = (d/V, diV) = h ik hj k ujiUjj. Choose the local tangent frame {ei, e 2 } near p 
, such that hij = \5ij. Then dsl = \\ojf + A|u;|. So, when AiA 2 7^ 0, i.e. if^l, 
N(M) is an immersed surface into if 3 . Its space-like unit normal vector is X 
and the second fundamental form is II = —(dX, dN) = —Xiuf — \<iu\- By the 
Gauss equation, K* = — 1 + -^L- = 

By Theorem 3.3, (4.1), (4. 2) and Theorem 4.1, we get the following duality. 



THEOREM 4.2. Let M be a connected 2- dimensional manifold. Let X : 
M — > H 3 be an immersed surface without umbilics and K 7^ — 1 and let 
N : M — > S 3 be a space-like surface without umbilics and K 7^ 1. Suppose 
that N : M — > Sf is the generalized Gauss map of X : M — > if 3 and vice 
versa. Then, the normal Gauss map of X : M — > if 3 is conformal if and only 

if one ofN:M~^Sf is conformal. And, at this time, dV N = dV X - 

Remark. Like [10] for minimal surfaces in S 3 , we call the generalized Gauss 
map N : M — > S 3 the polar variety of the immersed surface X : M ^ H 3 with 
conformal normal Gauss map and vice versa. 



5 Weierstrass representation formula 

In this section, we give the Weierstrass representation formula for the space- 
like surfaces in Sf with conformal normal Gauss maps. At first, we describe 
the normal Gauss map and the de Sitter Gauss map of the space-like surfaces 
in Sf. Take the upper half-space model i? 3 of Sf. 

The normal Gauss map of the space-like surface x : M — > Sf is given 
by N = VimrM + 77 2 ^(e) + ^(e) : M - f/ 2 (-l) C L 3 . By means of 
the stereographic projection from the north pole (0,0,1) of H 2 (—l) to the 
(xi, X2)— plane identified with C, we get 

/ = ^^:M^C7U{oo}\{|z| = l}, 

which is also called the normal Gauss map of the space-like surface x : M — > Sf . 
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N can be written as 

9 + 9 i(9-9) 1 + M 



N 



\g\ 2 -l \g\ 2 -l \g\ 2 



Next, we describe the definition of the de Sitter Gauss map for the space- 
like surfaces in <Sf(in [11], it is still called hyperbolic Gauss map), which is 
the analogue of Epstein and Bryant's hyperbolic Gauss map for the surfaces 
in H 3 (cf [3] [4] [16]). The time-like geodesic is either the Euclidean equilateral 
half-hyperbola consisting of two branches which is orthonormal to the coor- 
dinate plane {(xi, x 2 , 0)|(xi, x 2 ) € R 2 } or the Euclidean straight line which 
is orthonormal to the above coordinate plane. For the space-like surface 
x = (x\,X2,xs) : M — > Sf, at each point x G M, the oriented time-like 
geodesic in Sf passing through x with the time-like tangent vector N meets 
{(xi, X2, 0)|(xi, X2) € i? 2 }U{oo} two points. Since the geodesic is oriented, we 
may speak of one of the two points as the initial point and the other one as the 
final point. Call the final point the image of the de Sitter Gauss map for x(M) 
at the point x. Denote the de Sitter Gauss map by G s . On the coordinate 
plane {(xi, X2, 0)\(xi, X2) € -R 2 }, we introduce the natural complex coordinate 
z — X\ + tX2- Using the Euclidean geometry, as similar as done in the Theorem 
5.1 of [16], we get 

G s = xi + ix 2 + x 3 g s . (5.1) 

Let x = (xi,X2,x 3 ) : M — > H 3 be an immersed surface with unit normal 
vector iV = x 3 ?7i^- + x 3 r]2-£^ + X 3V3^- By the duality given in section 4, the 
generalized Gauss map of x : M — * H 3 is given, when i] 3 > 0, by 

N = (Hl X3 _ Xu Hl X3 — x 2 , — ^ : M — > Si (5.2) 



VS V3 V3 



and when 773 < 0, by 



N= U-^r 3 ,*2-^3,--) :M^S 3 (5.3) 

and in the Minkowski model of the de Sitter 3-space, their time-like unit normal 
vector is X : M — > H 3 . Again by the duality given in section 4, a straight- 
forward computation shows us that the normal Gauss map of iV : M — > Sf is 
given by 

R=VL « (e) + * »(«) + ! °(e):M^H\-l). 
% dx x r] 3 dx 2 rj 3 dx 3 



So, 



9 S = " Y 3 = = ~9 H , (5.4) 

y 1 - i 773-I V 7 
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where g H : M — > C U {00} is exactly the normal Gauss map of x : M — > 
if 3 (cf[8] [16] [17]). From this, we also prove the Theorem 4.2. 

By (5.1)-(5.4) and the Theorem 5.1 of [16], we get that when 773 > 0, i.e. 
|/|>1, 

G s = -G H , (5.5) 



and when 773 < 0, i.e. \g s \ < 1, 



G s = G H , (5.6) 



where G H is exactly the hyperbolic Gauss map of x : M — > iJ 3 (cf[3][4][16]). 

In the following, we write respectively g s and G 5 as (7 and G. 

By (5.2)-(5.6) and the Weierstrass representation for the surfaces in H 3 
with conformal normal Gauss map [16], we get the Weierstrass representation 
formula for the space-like surfaces in Sf with conformal normal Gauss map. 

THEOREM 5.1. Let M be a simply connected Riemannian surface. Given 
the map G : M — > C U {00} and the nonconstant conformal map g : M — > 

cu{oo}\{N = i}. 

(1) When the holomorphic map g : M — > CU{oo}\{|z| = 1} satisfies 
\g\ > 1 and 

y > 0, (5.7) 

\g?\G,\ > \G Z \, (5.8) 

G " + w^ G --^i G ' =0 > (5 - 9) 



put 



i + \g 



2 



Xi = Re\G zr^-G z } , (5.10) 

x 2 = Im{G- 1+ J 9 ^ GA, (5.11) 



99z 



2 



X 3 = T^^ G - ( 5 - 12 ) 

Then x = (x 1 ,x 2 ,x 3 ) : M — > S" 3 is a space-like surface with de Sitter Gauss 
map G and holomorphic normal Gauss map g and Gauss curvature K satisfying 
Vl — K = ■ conformal structure on M is induced by the nega- 

tive dehnite second fundamental form. Conversely, any surface x : M — > S* 3 
with Vl — ^ = ( = ^3) can be given by (5.10) (5.11) (5.12) and the de 
Sitter Gauss map G and the normal Gauss map g must satisfy (5.7)(5.8)(5.9), 
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where the conformal structure on M is induced by the negative definite second 
fundamental form. 

(2) When the antiholomorphic map g : M — > CU {oo}\{ |2:| = 1} without 
holomorphic points satishes \g\ < 1 and 

-%->0, (5.13) 



\g\ g-z 



\g 


2 


G z \ 




G z 





< 1, (5.14) 

Wg ( 



G z - Z + .. u 9z — G- z - \^^-G z = 0, (5.15) 



put 



1 + 



12 



Xl = RelG zr^-G z > , (5.16) 

gg-z 

x 2 = Im { G - 1 + ^ GA, (5.17) 



99z 



1 + 



2 



^3 = ( 5 - 18 ) 



\g\ 2 g. 

Then x = (xi,x 2 , x 3 ) : M — > S'f is a space-like surface with de Sitter Gauss map 
G and antiholomorphic normal Gauss map g and Gauss curvature K satisfying 
\Jl — K = -j-q^p And the conformal structure on M is induced by the negative 
definite second fundamental form. Conversely, any surface x : M — > Sf with 
^fl~K = iqtf(= -Vs) can be given by (5. 16) (5. 17) (5. 18) and the de Sitter 
Gauss map G and the normal Gauss map g must satisfy (5.13) (5.14) (5.15), 
where the conformal structure on M is induced by the negative definite second 
fundamental form. 



6 Graphs and examples 

In this section, we give the examples of surfaces in Sf with conformal normal 
Gauss maps within the translational surfaces and the Euclidean ruled surfaces. 

In H 3 , the graph (u, v, f(u, v)) with conformal normal Gauss map satisfies 
the following fully nonlinear PDE (cf. [16] [17]) 

Hfuufvv - f uv ) + [(1 + f v ) fun ~ 2f u f v f uv + (1 + f u )U = 0. (6.1) 

Take the upper half-space model of Sf. Consider the space-like graph (u, v, 
f(u, v)) in Sf with f% + f% < 1. Its Gauss curvature is given by K = 

-, / {fuufvv ~ fuv) ~ /[(I ~ f v )fuu 4- 2fufvfuv 4- (1 ~ f u )fvv] 4- (1 ~ f u — f v ) 

(1 - fl - fl) 2 
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So K = 1 — 773 is equvalent to 

fifuufvv - fuv) - [(1 - ft) fun + Vufvfuv + (1 " = 0, (6.2) 

where ft + ft < 1. This is the fully nonlinear PDE which the space-like graph 
in with K = 1 — rj 2 must satisfy. 

Remark. There exists a nice duality between the solutions of minimal 
surface equation 

(1 + ft) fun ~ Zfufvfuv + (1 + f u )fvv = 

in R 3 and the ones of maximal surface equation 

(1 " ft) fun + 2f u f v f uv + (1 - ft)f vv = 

in Lorentz-Minkowski 3-space L 3 (cf.[2]). Here, by the duality given by (5.2) (or 
(5.3)), we know that if f(u,v) is the solution of (6.1), then the local graph of 
the space-like surface (—ff u — u, —ff v — v, /a/1 + ~ft + ft) i n satisfies (6.2). 
Conversely, if f(u,v) is the solution of (6.2) with ft + ft< 1> then the local 
graph of the surface (ff u - u, ff v - v, /a/1 - ft - ft) in H 3 satisfies (6.1). 

Next, as similar as done in section 6 of [16], we get the following Theorem. 

THEOREM 6.1. The nontrivial translational space-like surfaces with the 
form f(u, v) = 4>{u) +if)(v) in Sf with conformal normal Gauss map are given, 
up to a linear translation of variables, by 

f(u, v) = Va 2 + u 2 ± Vb 2 + v 2 (6.3) 

with ft + ft < 1 1 where a and b are nonzero constants. The parameter form 
of these translational surfaces are locally given by 

x(u, v) = (a sinh u, b sinh v, a cosh u + b cosh v) . (6.4) 

Considered as surfaces in 3-dimensional Minkowski space L 3 , the space-like 
ruled surfaces in Sf can be represented as x(u,v) = ct(v) + u[3{v) : D — > Sf, 
where D(c R 2 ) is a parameter domain and a(v) and f3(v) are two vector 
value functions into L 3 corresponding to two curves in L 3 . When f3 is locally 
nonconstant, without loss of generality we can assume that either {/3, (3) = 
1,(13', 13') = ±1, and (a', (3') = or (13,(3) = 1,((3',(3') = 0, and (a', (3) = 0, 
where (•, •) is the scalar product in L 3 . As similar as done in Theorem 2 of [16], 
we have 
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THEOREM 6.2. Up to an isometric transformation 

(xi, x 2 , x 3 ) — > (xi cos 9 — x 2 sin 9 + a, £i sin 9 + x 2 cos + 6, x 3 ) (6.5) 

in Sf, every space-like ruled surface in Sf with conformal normal Gauss map 
is locally a part of one of the following, 

(1) ordinary Euclidean space-like planes in Sf, 

(2) (u cosh v, c ■ sinh v, u sinh v), for a constant c ^ 0, 

(3) (c 2 sinh v + u cosh v, C\ sinh v, c 2 cosh v + u sinh v) , for constant c 1 ^ 
and c 2 7^ 0. 

We should note that in the proof of Theorem 6.2, only when (/?', f3') = —1, 
we may get the nontrivial cases (2) and (3). 

Locally, the ruled surfaces (2) and (3) in Theorem 6.2 can be represented 
as the graph (u, v, f(u, v)) as follows, 

COROLLARY. f(u, v) = ± £ ^== is a solution of equation (6.2), where 
Ci 7^ and c 2 are constants. 

Remark. In H 3 , the translational surfaces 

(acosu, bcosv, asinw + 6sint>) (6.6) 

and the ruled surfaces 

(ucosv, c ■ sinv , usmv) (6.7) 

and 

(— c 2 sin v + u cos v, c\ ■ sin v, c 2 cos v + u sin v) (6.8) 

with conformal normal Gauss map have been obtained ([16] [17]), where a, b, c, c\ 
and c 2 are nonzero constants. Using (5.2) (or (5.3)) and Theorem 4.2, we may 
check that up to a isometric transformation (6.5) in Sf (6 = ±| ), (6.4) in The- 
orem 6.1 and (2) and (3) in Theorem 6.2 are, respectively, the polar varieties 
of (6. 6), (6. 7) and (6.8) and vice versa. 

Remark. Every geodesic of H 3 , corresponding respectively to u — 0,u = n, 
v = and v = n on surfaces (6.6) and to v = | on surfaces (6.7) and to 
v = ±| on surfaces (6.8) follow which K — — 1 is mapped to a simple point in 
So by the generalized Gauss map. 
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7 Time-like surfaces in Sf with conformal nor- 
mal Gauss map 

In this section, we state the similar results as the aboved for the time-like 
surfaces in Sf without proofs. 

Take the upper-half space model of Sf . Let M be a 2-dimensional Lorentz 
surface and x : M — > Sf be the time-like immersiom with the local coordinates 
ui,u 2 . The first and the second fundamental forms are given, respectively, 
by I = gijduiduj and II = hijdiiiduj. The space-like unit normal vector is 
N = x ^ l ^l + X 3V2^ + ^3%^, where rfi + rfi-r% = l. Left-translating N 
to T e (R+), we obtain 

JV : M -> S; 2 (l) c T c (Hi). 

which is called the normal Gauss map of time-like surface x : M — > Sf(cf. [1]). 
Call IV = (diV, dN) the fourth fundamental form of the time-like surface 
x : M — > . We have IV = (^f <7y — 2rj 3 hij + g kl h ik hji)duiduj. Of course, we 
may also define the high- dimensional version of the fourth fundamental form 
for the time-like hypersurfaces in S™ +1 (1). 

THEOREM 7.1. Let M be a 2-dimensional Lorentz surface and x : M -> Sf 
be a time-like immersed surface without umbilics. Then the normal Gauss map 
of x(M) is conformal if and only if the Gauss curvature K = 1 + r/|. 

In the Minkowski model of the de Sitter 3-space Sf , the generalized Gauss 
map iV : M — > Sf of the time-like surface x : M — > Sf is a branched time-like 
immersion with branch points where K — 1. 

THEOREM 7.2. Let M be a connected 2-dimensional Lorentz surface. Let 
X : M — > Sf be a time-like surface without umbilics and K ^ 1. If the normal 
Gauss map of X : M — > Sf is conformal, then the normal Gauss map of its 
generalized Gauss map N : M — > Sf is aiso conformal and vice versa. 

The time-like graph (it, i>, /(it, v)) in Sf with conformal normal Gauss map 
also satisfies the fully nonlinear PDE (6.2) with fl + f% > 1. 

THEOREM 7.3. The nontrivial translational time-like surfaces with the 
form f(u, v) = 4>{u) + ip{y) in Sf with conformal normal Gauss map are given, 
up to a linear transtation of variables, by 

(1) f( u ,v) = Vu 2 + a 2 ± vV + b 2 , 
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(2) f(u, v) = Vu 2 - a 2 ± Vv 2 - b 2 , 

(3) f(u, v) = Vu 2 + a 2 ± Vv 2 - b 2 , 

(4) f(u, v) = Vu 2 - a 2 - Vv 2 + b 2 , 

(5) Flaherty time-like surface in Sf (cf.[12]) f(u, v) — ±u + ip{v), 
where a and b are nonzero constants and ip'(v) ^ 0. 

We may prove that the normal Gauss map of the time-like surfaces (2) and 
(3) in Theorem 6.2 are also conformal. In addition, for the time-like ruled 
surface x(u,v) = a(v) + uj3{v) in Sf, we may also assume the remained four 
cases: 

(i) {(3,(3) = -1, {(3', (3') = 1, and (a',(3 f ) = 0, 

(ii) (3 is constant null vector, 

(hi) (3 is constant and {(3,(3) = — 1, {a', (3) = 0, 
(iv) (0,0) = 0, {(3', (3') = 1, and {a',(3') = 0, 

where (•, •) is the scalar product in L 3 . Hence, we have 

THEOREM 7.4. Up to an isometric transformation (6.5) in Sf, every time- 
like ruled surface in Sf with conformal normal Gauss map is locally a part of 
one of the following, 

(1) ordinary Euclidean time-like planes in Sf, 

(2) ordinary Euclidean generalized cylinder x(u, v) = a(v) + u(3, where 
(3 = (0, 0, 1) and a{y) is arbitrary curve in L 3 with {a', a') > 0, 

(3) (u cosh v, c ■ sinh v, u sinh v) , for a constant c ^ 0, 

(4) (c 2 sinh v + u cosh v, c 1 sinh v, c 2 cosh v + u sinh v) , for constant C\ ^ 
and c 2 7^ 0. 

(5) (Msinhv, c • coshf , ncoshf), for a constant c ^ 0, 

(6) (c 2 cosh v + u sinh v, c\ cosh v, c 2 sinh v + u cosh v) , for constant c\ ^ 
and c 2 7^ 0, 

(7) Flaherty's time-like surfaces in Sf (cf[12(), x(u,v) = a(v) + u(3, where 
(3 = (1, 0, 1) and a(v) is arbitrary curve in L 3 with {a', (3) ^ 0. 

We should note that in the proof of Theorem 7.4, only for case (i) and 
(ii), we may get the surfaces (5) (6) (7) in Theorem 7.4. For case (iv), we may 
assume (3{y) = (p(v) cos8(v), p(v) sm0(v), p(v)) with p 2 {6') 2 = 1. Next, we get 
a contradictory system of equations. 

Remark. Up to a isometric transformation (6.5) in Sf {9 = ±| ), the time- 
like surfaces (3) and (4) in Theorem 7.4 are, respectively, the polar varieties of 
the time-like surfaces (5) and (6) in Theorem 7.4 and vice versa. The similar 
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result also holds for the time-like surfaces in Theorem 7.3. Generally, if f(u, v) 
is the solution of (6.2) with f 2 + f 2 > 1) then the local graph of the surface 
U'fu - u, ff v - v, fy/f* + f 2 - 1) in Sf also satisfies (6.2). 

Locally, the ruled surfaces (4) and (5) in Theorem 7.4 can be represented 
as the graph (u, v, f(u, v)) as follows, 

COROLLARY. f(u, v) = ±^== is a solution of equation (6.2), where 
Ci 7^ and c 2 are constants. 

Remark. When we do not assume that / > 0, (6.3) and f(u, v) = ±^== 

and f(u,v) = ±u + ip(v), ijf{v) ^ 0, are all nontrivial entire solutions of 
the equation (6.2) defined on R 2 . In addition, the cone f{u,v) = y/u 2 + v 2 
is also the special solution of the equation (6.2), but its graph is the light- 
like surface. By Omori-Yau's Maximum Principle [14] [18], there exist no entire 
solution f(u, v) of (6.2) satisfying f 2 + f 2 > 1 and / > on R 2 . Does there exist 
nontrivial entire solutions of equation (6.2) defined on R 2 satisfying f 2 + f 2 < 1 
and / > 0? 
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